Abstract. This paper is concerned with a mathematical and numerical study of liquid dynamics in a horizontal capillary. We derive a two-liquids model for the prediction of capillary dynamics. This model takes into account the effects of real phenomena: like the outside flow action, or the entrapped gas inside a closed-end capillary. Moreover, the limitations of the one-dimensional model are clearly indicated. Finally, we report on several tests of interest: an academic test case that can be used to check available numerical methods, a test for decreasing values of the capillary radius, a simulation concerning a closed-end capillary, and two test cases for two liquids flow.
Introduction
At the beginning of the nineteenth century Young and Laplace, working independently, were the first to report on theoretical studies concerning surface tension and capillarity. Their work, made approximatively at the same time, reported that the static pressure on the liquid side of a liquid-air interface is reduced by the effect of the surface tension. Later, Hagen and Poiseuille studying the flow of viscous liquids in circular pipes (and capillary tubes in particular), derived the well-known Poiseuille flow profile for a, fully developed, Newtonian fluid. Reynolds tested experimentally the stability of the Poiseuille profile, and he found that it held in the case of laminar flow.
Starting from the beginning of the last century several publications were devoted to study the dynamics of liquid flow into a capillary, leading to the derivation of the celebrated Washburn solution, the Bosanquet model, and, more recently, to the Szekely-Neumann-Chang (SNC) model. Bell and Cameron [2] , Lucas [21] , Washburn [31] , and Rideal [25] considered the liquid penetration as being determined by a balance among capillarity, gravitational and viscous forces and used the Poiseuille profile as velocity profile. The Washburn solution has been confirmed by a lot of experimental data and also by molecular dynamic simulations, see for instance Martic et al. [22] ; it is still considered as a valid approximation, although it fails to describe the initial transient, since it neglects the inertial effects which are relevant at the beginning of the process. The inertial effects were considered in a model proposed by Bosanquet [5] . The SNC model, introduced by Szekely et al. [29] , takes into account the outside flow effects including an apparent mass parameter within the inertial terms.
Recently, many experimental and theoretical studies on liquid dynamics due to capillary action have pointed out the short-time limitations of the Washburn solution, but its validity as an asymptotic approximation. For example, liquids flowing in thin tubes have been studied by Fisher and Lark [16] , in surface grooves by Mann et al. [18] , Romero and Yost [26] , Rye et al. [27] , and Yost et al. [32] , and on micro-strips by Rye et al. [28] . On the other hand, several studies have been devoted to capillary rise, dynamics of menisci, wetting and spreading as well as accommodating the no-slip condition of contact line motions, see for instance the papers by Clanet and Quéré [10] , Zhmud et al. [33] , the recent book by de Gennet et al. [12] and the references quoted therein. Moreover, useful reviews appeared within the specialized literature by Dussan [14] , de Gennes [11] , and Leger and Joanny [20] .
Our main concern is the mathematical and numerical modeling of horizontal capillaries for two immiscible liquids penetration, see for instance Chan and Yang [9] or Blake and De Coninck [4] . Moreover, we discuss the effect of the entrapped gas on the liquid dynamics, which was studied first by Deutsch [13] , from a theoretical viewpoint and, more recently, by Pesse et al. [23] from an experimental one.
Our main tool for studying the introduced mathematical model is an adaptive numerical approach developed by Jannelli and Fazio [17] . The adaptive approach is based on a one-step one-method strategy and, in this paper, for the basic method we use the classical fourth order Runge-Kutta method.
This study is of interest for the non-destructive control named "liquid penetrant testing" used in the production of airplane parts, for instance, as well as in many industrial applications where the detection of open defects is a relevant concern. Liquid penetrants are frequently employed to locate (open) defects in solid or porous materials. The basic technique involves: cleaning the peace to be tested, applying (by immersion) the penetrant, removal of excess penetrant, application of a developer (like an absorbent coating), and visual or computer assisted inspection for detection.
Preliminary reports on the main topic were presented, by the corresponding author, at the International Conference of Computational Methods in Sciences and Engineering (ICCMSE) 2006, see Cavaccini et al. [8] , and at the 6th International Congress on Industrial and Applied Mathematics 2007 (ICIAM 07), see Fazio et al. [15] .
Mathematical modeling
Let us start with the derivation of the governing equation from first principles. With reference to Fig. 1 , we consider a column of liquid 1, usually water, of fixed length 0 entrapped inside a horizontal straight capillary of radius R and finite length L. At the left end of the capillary we have a reservoir filled with a penetrant liquid 2. We are interested in modeling the dynamics of both fluids under the action of the surface tension.
For the validity of a one-dimensional analysis we have to require that the fluid has a quasi-steady Poiseuille velocity profile, that is, the Reynolds number is small: R e = RU/µ 1. Here U is the average axial velocity inside the capillary, and µ is the liquid viscosity. The Reynolds number relates the inertial forces to viscous ones. Viscosity is related to the internal friction of the fluid and it produces a resistance to shear and a tendency of the fluid to move in parallel layers known as laminar flow. Inertia is a measure of the tendency of a moving body to retain its initial motion, opposing to laminar flow and even resulting in turbulent flow. Moreover, both menisci can be approximated by spherical caps. This condition implies that Bond, Capillary, and Weber numbers are small, that is Bo = 4ρgR 2 /γ 1, Ca = µ 0 U/γ 1, and W e = 2ρRU 2 /γ 1, where ρ and γ are the liquid density and surface tension, respectively, and g is the acceleration due to gravity. The Bond number, which is defined as the ratio of gravitational to surface tension forces, can be used to monitor if gravity is introducing two-dimensional effects into the problem, see Polzin and Choueiri [24] for a full discussion on this topic. The ratio between viscous and capillary forces is given by the capillary number. Capillarity is the rise or depression of a liquid in a small passage, such us a thin tube. Water inside a glass capillary tube will have a concave meniscus that is in equilibrium because of a pressure difference across the interface. Such a pressure difference exists whenever a liquid surface is curved (as in the case of liquid drops or soap bubbles), with the higher pressure found on the inner side of the curve. The Weber number can be thought of as a measure of the relative importance of the fluid's inertia compared to its surface tension. Finally, we use a dynamic contact angle simplification. Such a simplification is valid in the limit of low capillary numbers or when R/L 1. A detailed discussion of the dynamic contact angle simplification is provided by Tokaty [30] or Adamson [1] .
Assuming that the above requirements are fulfilled, the Newtonian equation of motion can be written as follows
where m(t) is the mass of the two liquids, t is the time, and F drive and F drag are drive and drag forces, respectively. We can express the average axial velocity as U = d /dt, where is the moving liquid-liquid interface coordinate, so that the momentum can be specified as
where ρ 1 and ρ 2 are the densities of the two liquids. Moreover, from the Navier-Stokes model written in suitable cylindrical coordinates and applying no slip boundary conditions at the capillary wall, it is possible to derive the Poiseuille parabolic velocity profile
where r is the radial cylindrical coordinate. For a simple derivation of Eq. (3) see Birkhoff [3, p. 36] .
The volumetric flow rate is given by
For a constant area tube Q may also be written
so that Eq. (3) can be rewritten as
Then, the expression of the viscous drag force is given by
where µ 1 and µ 2 are the dynamic viscosities of the two liquids. The driving force, here due to the surface tension only, can be defined as
where γ 1 and γ 12 are the surface free energy for the liquid 1-air and the liquid 1-liquid 2 interfaces, and ϑ 1 and ϑ 12 are corresponding menisci contact angles, see for instance Cartz [7] . At the end of this derivation we get the following second order differential equation
Here we have taken into account the coefficient of apparent mass c = O(1), as introduced by Szekely et al. [29] . Moreover, in the case of a vertical capillary, the gravity action should be taken into account, by adding to the right hand side of Eq. (7) the term
where the plus or minus sign have to be used when the liquid reservoir is over or below the cavity, respectively. Moreover, for a closed-end capillary the entrapped gas action should be taken into account, by adding to the right hand side of Eq. (7) a term
depending on the lengths involved. Equation (7), with suitable initial conditions discussed at length by Kornev and Neimark [19] , accounts for the displacement of the two liquids due to the combined surface tensions action of both liquids inside a horizontal capillary. As far as the authors knowledge is concerned, no analytical solutions are available for Eq. (7).
A single fluid
In this section we report results, that are already available in literature, for a single fluid case. In the case of a single fluid dynamics, that is 0 = 0, the Eq. (7), omitting also all subscripts related to the considered fluid properties, becomes
If Ω = 0, then one exact solution for Eq. (9) is given by
Washburn solution
Within a steady flow assumption, that is omitting the left hand side inertial terms, and considering an open end capillary, Ω = 0, Eq. (9) reduces to
that can be integrated, using = 0, at t = 0, providing the solution
This is Washburn solution, valid only for t >> t µ where t µ = ρR 2 /µ is the viscous time scale. The exact and Washburn solutions, Eqs (10) and (12), might be used to verify the accuracy and reliability of any proposed numerical method.
Entrapped gas action
The entrapped gas action can be taken into account by adding to the right hand side of Eq. (9) the pressure that this gas applies to the penetrant liquid meniscus or by taking into account the viscous drag produced by the gas.
1. Deutsch [13] proposed to use the following term
where p a is the atmospheric pressure, and entrapped gas pressure
verifies the initial condition p e ( = 0) = p a , the asymptotic condition
and the limit condition
corresponding to the common intuition that no action is expected if the capillary is not closed and that the internal pressure will increase if we let increase for a closed-end capillary. The velocity can be found to be
with
Equations (17) and (18) show that the flow develops slowly enough to retain the parabolic profile of Poiseuille flow, while it adjusts, continuously, its magnitude (and flow rate) in proportion to a constantly diminishing pressure gradient. From equation (17) we note that the flow will cease when
According to Deutsch [13] , for p a of one atmosphere (≈ 101325 Pa), R = 100 µm and an air-water interface, equation (19) shows that the flow will cease at
and there will be about 98.5% of free capillary depth to be filled by a second penetrant liquid. 2. A second way to model the entrapped gas action, due to Zhmud et al. [33] , is to take into account the viscous drag produced by the entrapped gas. In this way, it is possible to derive the formula
where µ e is the viscosity of the entrapped gas. However, in this case we get
and this contradicts the common intuition that no entrapped gas action should be taken into account for an open ended capillary.
Numerical method and adaptive strategy
In this section we describe the considered numerical method as well as the adaptive procedure used. The classical fourth order Runge-Kutta's method [6, p. 166] was implemented with an adaptive procedure developed by Jannelli and Fazio [17] . For the reported test cases we used the following monitor function
where ∆t k is the current time-step and
where 0 < 1. The above monitor function has been defined because, for small values of R, we have found numerically that initially the first derivative of (t) has a fast transient.
For the adaptive procedure we enforced the following conditions: ∆t min ∆t k ∆t max with ∆t min = 10 −15 , ∆t max = 1, and η min η(t k ) η max with η min = 10 −2 (but η min = 10 −4 in the two-liquids test cases), η max = 10 η min , and = 10 −9 . Moreover, the time step is modified in two cases: when η(t k ) < η min we use ∆t k+1 = 2 ∆t k as the next time step, whereas if η(t k ) > η max , then we repeat the same step using ∆t k = ∆t k /2. Full details on the adaptive strategy, as well as alternative monitor functions, can be found in [17] by the interested reader.
Numerical results
All computation were performed with MATLAB. Let us consider first a single fluid model.
One fluid model
As a first academic test case we report on the numerical results for the model Eq. (9) 
supplemented with the following initial conditions
and parameters
In the top frame of Fig. 2 , we show the numerical solution , compared with the Washburn equation, and its first derivative. Our adaptive strategy used 1468 steps, plus 10 rejections, to complete the integration The step-size selection ∆t k and the monitor function η(t k ) are reported in the middle frames of this figure. Notice how the adaptive procedure modifies the time step in relation to the value of the monitor function. Initially, at the beginning of the process, the adaptive procedure reduces ∆t k corresponding to fast transitory of first derivative. Then, when the solution becomes smooth, the procedure amplifies the step-size. It can be easily seen, from the magnification at the bottom frame of this figure, that the liquid entering the capillary is accelerated by capillary force ( ≈ t 2 initially); but, soon thereafter the capillary force is compensated by the viscous drag so that a steady-state can be achieved ( ≈ t 1/2 ).
Of course, we have also performed several numerical tests, involving the parameters characterizing different real liquids as well as the entrapped gas pressure term. We used the liquid parameters listed in [19] and reported, for the reader convenience, in Table 1 . In all the following test cases we use a coefficient of apparent mass c = 7/6. Figure 3 shows the initial transient for several values of the capillary radius for the case of a mixture of penetrant liquid. It can be easily seen that: the smaller the radius R is, the steeper the transient is and the faster the solution approaches the Washburn solution. Let us notice how the particular case reported in literature (that is the top-left frame of Fig. 3 ) is, from a numerical viewpoint, the easiest among the four considered cases. Moreover, by comparing the bottom frame of Fig. 2 to the top-left frame of Fig. 3 , we can realize that the academic test case presented above, where the only parameter to be varied is R, can be used to trial different numerical methods.
As a third test case, Fig. 4 shows numerical results corresponding to a closed-end capillary and water, see Deutsch [13] . We remark that the obtained result max /L ≈ 1.4% is thinly different from Deutsch one, because we have taken into account also the effect due to the apparent mass, that is c = 0, which is related to the outside flow dynamics. Depending on R and L, we have also observed the occurrence of oscillatory solutions, according with the experimental data reported by Zhmud et al. [33] , verifying the reported condition: max /L ≈ 1.4%.
In the next section, we describe two test cases for the two-fluids model.
Two-fluids model
Here, we report on the numerical results for the model Eq. (7), that is
with the initial conditions Table 1 for a mixture of penetrant liquid. and parameters listed in Table 1 .
Several test cases were considered where water was always in front of the other liquid. Two simulations related to ethanol and water and mixture and water are available in [15] . Here we report instead the cases involving silicone oil and water, and ether and water. With reference to Fig. 5 , which shows the case with ether and water, and 6, showing the one with silicone oil and water, we notice that the monotone functions are (t) and 0 (t); the fast transient of the first derivative of is characteristic for this kind of problems. The different behavior of the solutions in the two figures can be explained as follows: the ether, having a surface tension of the same oder of magnitude but a much lower viscosity with respect to the silicone oil, reaches a dipper distance inside the capillary than the one reached by silicone oil.
Concluding remarks
In this paper we have proposed a simple derivation, from first principles, of one-dimensional mathematical models of capillary dynamics. In Section 3 we reported the classical result of a single fluid related to the Washburn solution. The effects of the inertial terms, neglected by Washburn equation, show how, at the beginning of the process, the liquid entering in the capillary is accelerated. In fact, for small values of the capillary radius, the first derivative of the meniscus location presents a fast transient. We showed the influence of the capillary radius on the initial transient in the case of a mixture of penetrant liquid. The smaller the radius is, the steeper the transient is.
As shown in Section 5, all the proposed versions of the physical model have a first derivative of the field variable with a fast transitory after the starting time. So that, the most important feature of the numerical method applied to the model is its adaptivity, used here to prevent stability problems and to provide uniform accurate results on the time interval of interest.
